Closed expressions are derived for the quantum measurement statistics of pre-and postselected gaussian particle beams. The weakness of the pre-selection step is shown to compete with the non-orthogonality of post-selection in a transparent way. The approach is shown to be useful in analyzing post-selection-based signal amplification, allowing measurements to be extended far beyond the range of validity of the well-known Aharonov-Albert-Vaidman limit.
of an observableÂ, |i and |f being two vectors -an initial and a final ("post-selected") state -in the Hilbert space on whichÂ -say, a spin component of an atom -acts. Remaining with that example, the AharonovAlbert-Vaidman (AAV) procedure is a sophisticated twostep Stern-Gerlach-type measurement of that spin component. The first Stern-Gerlach separation, coupling the spin by magnetic interaction to the transverse position z of the atomic beam, is weak, i.e. the resulting shifts ±d of the two beams are much less than the transverse width w of each beam. That first step is followed by an appropriately oriented second -strong -Stern-Gerlach separation, marking out one of the branches for further processing -that is called the post-selection. Finally [5] , the measured value ofÂ is read off through the statistics of atoms detected within the postselected branch at different displacements z [6] . The full sequence can result in detecting displacements on the average much larger than d, being proportional to the real part of the weak value, Eq. (1). A feasible alternative implementation of the scheme is to use light beams, polarization taking the place of spin, and birefringence -linear or circular -being used for the Stern-Gerlach-type separation.
Most recently, several experiments [7, 8] used the scheme to measure weak birefringence itself, giving rise to subnanometer-scale displacements; the AAV post-selection served for signal amplification of that [9] . There was one change with respect to the scheme outlined above: the new measurements exploit the possibility of measuring the imaginary part of the weak value, which transforms the displacements into momentum space, with strongly enhanced amplification. * Electronic address: geszti@elte.hu
The aim of the present note is to analyze the situation in a straightforward manner, as a two-beam interference phenomenon in which visible contrast is created by the AAV sequence of weak pre-selection and strong post-selection. The procedure can be analyzed in full generality; for simplicity, we present the relevant formulas for gaussian beams. In that context the AAV weak value, Eq. (1), appears as a complex expression furnishing measurable mean values in a well-defined limiting case. With that knowledge, practical tools are obtained to explore and analyze a wide range of experimentally accessible data far beyond that limiting case.
In the analysis that follows we find that although for d/w → 0 the measured mean value approaches the AAV weak value Eq. (1), a small but finite weakness ratio d/w is competing in smallness with the distance from full ortogonality of the pre-and postselected states. We derive a closed expression for the measured mean value, valid for any degree of pre-selection weakness and postselection non-orthogonality. Under the single condition of weakness, d/w ≪ 1, the formula is reduced to a simple non-linear function of d/w, which if used for data fitting, can result in strongly enhanced signal amplification.
For the sake of concreteness, we speak of spin-1/2 particles prepared in a definite initial spin state α β , and the observable one wants to measure is the spin componentσ z . The corresponding Stern-Gerlach separation, followed by free flight until reaching the detectors, produces the respective displacements ±d in the z direction for the two spin components. We assume that the particles are propagating along the y direction in gaussian beams, the width of which reaches the value w in the plane of the detectors. Weak separation/measurement is defined by the condition d ≪ w, i.e. the two beams remain strongly overlapping. Omitting trivial events in the other space dimensions, this first step of weak SternGerlach separation can be described as
where Φ(z) = exp(−z 2 /4w 2 )/ w √ 2π is the normalized transverse wave function of the beam in the direction z of separation. Spin-orbital entanglement associates the two beams to orthogonal spin states, therefore straight-forward detection would just add the intensities, to produce the probability distribution function
and the corresponding mean displacement
which is practically invisible above the gaussian background of width w. However, the spin degree of freedom offers the possibility to create phase contrast by rotating the spin basis, which is subsequently exploited in the post-selection procedure (see below). The experimentally more accessible case of photons with two orthogonal states of polarization, and their spatial separation by one of the many effects giving rise to birefringence, then post-selecting by polarization rotation, makes no difference in the description, only the physics behind the displacement d and the method of preparation of pre-and postselected states change.
In the example at hand the post-selection step, to be carried out before detection, consists in a second, this time strong Stern-Gerlach separation in a different direction ξ, rotated with respect to the initial one, fully separating the above state vector into two non-overlapping beams of the corresponding orthogonal spin states γ δ
where f 1 (ξ) and f 2 (ξ) are two non-overlapping functions of the post-selection coordinate ξ. It is this step which creates visible phase contrast between the two z−shifted peaks, in each of the postselected components. Any of them can be projected out by placing the detector into the corresponding band; e.g. for the first component: where f 1 (ξ) = 0; f 2 (ξ) = 0. The final result is obtained by scanning with the detector along z, while keeping ξ unchanged. That is the final, non-unitary quantum measurement, the statistics of which is expected to furnish as output, through Born's rule, the fraction of incoming particles detected in the postselected channel, at displacement z:
where the last term is the contribution of visible interference, created in the process of post-selection.
The
Adding that to Eq. (6), one obtains the full preselected distribution function, Eq. (3). This result [10] confirms that the procedure is a "true" post-selection in the Bayesian sense, using the channel information to cut the slightly asymmetric preselected distribution into two strongly asymmetric postselected ones, which is the basis of signal amplification [11, 12] .
Normalizing Eq. (6) to the postselected fraction of the incoming particles, we obtain the postselected probability distribution function
where the denominator is the fraction of all particles postselected into spin state γ δ , irrespective of their displacement z.
From Eqs. (6) and (7) one immediately reads the postselected mean displacement
In the last step we have expanded the exponential to first order in (d/w) 2 , justified by the weakness of the first step of Stern-Gerlach separation.
Equation (8) is the starting point for the forthcoming discussion. First of all, we note that if the measurement is weak enough to satisfy
then the post-selected mean value reduces to
where
is just the Aharonov-Albert-Vaidman weak value (Eq.
(1)) of the observableÂ =σ z d. Instead of focusing on the shift in coordinate, recent optical experiments [7, 8] measure the shift in transverse momentump z , brought about by the phase difference introduced on post-selection. The corresponding mean value can be directly evaluated, to give
where w p = ( /2)/w is the width of the gaussian momentum distribution in the incoming beam. In the limiting case of Eq. (9), Eq. (12) reduces to
Satisfying the condition formulated in Eq. (9) is far from being trivial though: on approaching post-selection into a spin state orthogonal to the preselected one, viz.
which may look advantageous in enhancing the signal amplification factor, the numerator of the r.h.s. in the inequality (9) approaches zero. Then the (d/w) 2 terms in the denominators of Eqs. (8) and (12) are no more negligible, and it is getting necessary to use the full derivativeLorentzian shape for data fitting.
The rest of this note addresses that task. Deviations from the limiting case of Eq. (14) are explored in the following parametrization: we introduce the amplitude detuning ǫ through
as well as the phase detuning [13] 
where e.g. ϕ α is the phase angle of the complex amplitude α. Both ǫ and ∆ are under control of the experimenter, fixed for a given run; d/w is the output. Expanding the full expressions, Eqs. (8) and (12) to leading powers in ǫ and ∆, we obtain the final results
From the above results we see that the fully linear amplification of the weak Stern-Gerlach displacement d into the AAV-postselected mean value, be it real or imaginary, is violated as soon as the relative displacement η = d/w reaches the order of magnitude of
Actually, viewed as a function of η, the value η = η 0 corresponds to the maximum of post-selected deflection. Confirming what was expected from the phase contrast context, that maximum deflection is limited by the transverse width of the incoming beam, either in coordinate or in momentum. For a given value of the weak displacement d to be measured, the AAV limit is obtained for detunings ∆ and/or ǫ large enough to assure η 0 ≫ d/w; otherwise the full derivative-Lorentzian form of Eqs. (17) and (18) should be used for data fitting, allowing one to reach higher levels of signal amplification. It may prove advantageous to build in a controlled value of ǫ = 0, to eliminate errors from unwanted post-selection amplitude asymmetry.
The results presented above refer to gaussian beams. As noticed by Hosten and Kwiat [7] , switching to momentum space is sensitive to details of the beam profile; however, the same can be true about the whole calculation [14] . In the one-dimensional case, adding some non-gaussian correction terms from a cumulant expansion would be straightforward; for real beams of twodimensional cross-section the procedure would be more complex. As a general trend, if measured mean values are calibrated to the zero deflection case, the remaining dominant corrections would appear in the overlap integrals replacing the last term in Eq. (6), the consequence being a shift of the turning point η 0 from the value given by Eq. (19) .
We conclude the analysis by noting that the whole AAV procedure can be regarded as a late descendent of phase-contrast microscopy [15] . In both cases two overlapping components of slightly different space-dependent amplitudes are forced to exhibit a visible interference pattern, by introducing a constant phase difference between them [16] , thereby turning potentially invisible coherence into large-scale visible interference.
The quantum case is complicated by the fact that the two overlapping beams are entangled to orthogonal spin components which makes their coherence strictly latent for straightforward interference counting [17] . Postselecting a spin component corresponding to a different space direction on the finite-dimension basis of spin states is an ingenious tool to introduce a phase difference and thereby creating visible phase contrast [18] . The light polarization case is analogous, although more classical in context: even light waves of orthogonal linear polarizations do interfere to produce circularly polarized waves; however, that interference remains invisible until analyzed (postselected) according to circular polarization. Rotating the basis of some other internal degree of freedom can be used to the same end; more sophisticated schemes are possible too, like that of two-photon entanglement [4] . The tool of spin basis rotation followed by selecting one of the components is by no means limited to the context of weak measurements; it is used for the preparation of so-called Schrödinger cat states in mesoscopic systems, which is an important step towards quantum information processing [19, 20] . A more detailed overview of the fascinating field of quantum phase contrast physics will be presented elsewhere [21] .
A last issue of principle should be mentioned here. There is a growing culture of theories of weak measurements in a slightly different sense: accomplished but unsharp measurement of a "pointer variable" coupled tô A (in our case, the pointer variable is z); in a certain limit, that unsharp measurement is carried out continuously in time [22, 23] . In the AAV context, a single act of weak measurement in that sense can be followed by quantum post-selection according to sharp measurement of a different pointer variable (here: ξ), the result being used to retain or reject data collected during the first step [23] . A promising implementation is the case of a double-quantum-dot qubit, on which the binary position of the electron is measured by means of a quantum point contact detector, first weakly, then in a strongly post-selecting way [24] . The analysis furnishes formulas similar to ours; however, the relationship of the two problems to each other may need further clarification.
To summarize, the present note offers a clear and in the same time practical framework to discuss pre-and postselected weak measurements. As a first step in utilizing the advantages of the proposed approach, we have started exploring the parameter range next to orthogonal postselection, far beyond the applicability of the AharonovAlbert-Vaidman weak value, which is both accessible and important for signal amplification type experiments.
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